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Compact moduli of pants in R
'
: Man GÑan

• Them is modular : carries a
family of stable rational curves
• One-parameter limits can be
computed algorithmically
(Mumford 's semi- stable reduction
or kaprauov 's Bruhat- tits tree method
• Man is very affine and schén

,

M-o.in is a tropical compactificationwith a normal crossing boundary encoded intropl Man}
a

"

tropical moduli space" of philogenetic trees



• Ñan is a member of the family of
Hassett 's moduli spaces (weightedpH incl

.

the loser-Manin space (z heavy + light pants)
trees of IP 's chains of IP 's
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tropical toric

compactification variety

• Cross-ratios Man→ IP
'

( pi . .
. pn) ↳P : pips

Pi - P 4 P2 - Py
extend to Ñqn and give an embedding
ÑqnGlP

'

)
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1 Hacking -keel -T)



Compact moduli of points and lines ihr
'

Arethere compactification, with modularity ,
1- parameter limits ,topicality , weights,
cross-ratios for ✗ 13,4 , the moduli space of
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n lines m(Ñ)*
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: in linearly
✗Girl * general position

Kapranovlgl), Chow Onotieutsof Grassmannians,I
• Compactification ✗ 13in)aIG,n)
• A family of visible contours

•

÷
.

:•☒•



~

an amazing way, ,

,gn
, ,

F.Moulton 119021 ,
"

A simple non- Desargues iah
plane geometry

"

, transactions of AMS 3121,192-195

Kapranov raised various questions
"

to be
addressed in part II

" but instead partI
was written collectively in 2000 's .

• Modularity ( Hacking - keel -T) : I G.n)
(with kapranov 's family) is an example of
the Koller-Shephard-Barron - Alexeev

moduli space of stable surfaces
• One-parameter limits : from modularity :
semi - stable reduction + relative MMP .
Also (Keel-1-1

,
Bruhat-Tits building method



• Trepicality : ✗ 13in) is very affine and
I 13in) is the closure of ✗Gin in the ton's
variety given bytheDress ian fan (Kaprana)
⇒ Its,n) inherits combinatorics of matroid
decompositions of the hypeniuplex ☐Gin)
(Lafforyue): compact itied configuration spacesof
non- generic hyperplane arrangements stratified
by matroid decompositions of their

matroid polytope
✗ 13,6) (Luxton) and ✗ 13,7) (Carey) are Schon
and Its,6) , I1777 are tropical compactification

Typically , theDress ian is bigger than trop ✗b.n)
(tropical Grassmann Ian of SturmFels- Speyer)⇒ Itsin) is
nota tropical compactification but it is "close " to it .

trop ✗ G. n) is a tropical moduli space of
tropical planes lstnrmfels- Speyer)

• Weights :(Alexeev ) A weighted analogue
of Ikin , including a tonic space Icm 13in)



with the family of broken the
varieties with three heavy torus- invariant
broken hues and n->broken light hues .

↳
y
intersection parts

• Cross- ratios 1
. ⇒ cross -ratio

.

(
b • • • or

Le /
Ld

lkapranal gie a morphism Ian)→ (pl)
" )

(Luxton) finite & birational onto its image 113,
It is a closed embedding for h=G ( Luxton)
( Schoeffler-T) The cross- ratio morphism
is finite for all lafforgue's cohrpactified
configuration spaces . r>is or r--2in>5

Matroid lemma let P.pk ☐ (rm) be

full- dimensional matroid polytopes
such that PEP ! Then there exists
a facet ECDlr.nl such that PIE , PIE
are fill -dimensional and PIE 4 PIE .



Gerri tzen and Piwek 191)
compact moduli space of n points in P2?
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✗ (3m)

Ne KSBA -style moduli of points to guide
us but some reasonable requirements
on the universal family with n sections :
• special fibers reduced, Cohen- Macaulay
• n points p, . . . pn should be smooth
• Points should be disjoint or(weighted
version) collide according to weights
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Gp 13,n)
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( if exists )



How is this different from the Fulton - Macpherson
caupactified configuration spaceofnpoiutsirlp

'?

In their case IP
'

is fixed and points move :

• •
• •

⑨
• ••✗7

• •
•? • degenerate .

• blow-Ep the .

point in the family
7

change blow-up thethe frame
,

•

•
•

live in the family
degenerate •

a

•

not degenerate from the EM perspective but it is torus

Gerrizenepiwek start by identifying
one-parameter limits

Pitt)
•
. :P'M Pitt )eÑ( R )
•
Putt)

12=6112-1)



Choose a four triple Ic { 1,2, -→
h} , for

example { 1,213,4} and kill PGL, - action
p ,→ [ I :O :o) , Pr→ [0 :| :o) . p>→ Co :O :D ,pill :| :D
This gives a one-parameter family over Speer

pilot
•

Pill
•

Pitt )
•

p> 12-1
•Pn /o)

•

pno.lt) •

go
@

Putt
generic Path

special
fiber fiber •

• Palo) • putt)

Points pnpupnpn stay in general position
but other points can go anywhere !
How to eliminate dependence
of the limit on a feurtple ?



Mustafa join of bundles : given r
families over the disc isomorphic
over a punctured curve for dis e)

5 , Sr
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Embed IT
- ' (D)↳ 5 , I . . . ✗ Sr

D

§ : = 11--1%95 , I . . . ✗ Sr
D
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Def For an are Pitt) , . . -

, putt ) c- IPYR)
,

the Gerritten- Piweh family § over Speck is
the Mustafa jan of (E) IP? bundles SI
for every four triple Ic 4 , . - . - in }

Pil:)
•
Pistol P:(2-1

•
Piz
,
171

•Pn/o) pno.lt) •

P:{ 12-7 5
I

1%412-1
•

• Pirlo) • Pizlz)

( Cartwright- Sturm fels ) the spent fiber §.
is reduced , Cohen - Macaulay
( Scheffler -T ) pi , . . . . Pu C- $

.
are smooth

disjoint points (claimed by Gerritten - Piwek)w/u proof

Is there a moduli space X-GPG.nl
parametrizny special fibers B. of arcs
together with the universal family ?



By hand : I (3. 5) ⇐ÑGP 1351=14-0,5
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Kapranov asked nzoo} how to
relate Gin ) and ☒Gp 13h).

Gerri zen and Piwek claimed that

X-gpG.nl =Bn , the closure of ✗ (3, h)

in ( Ipl)
""

defined by cross- ratios .
By Luxton theorem, Japan) and I 13,41
would bethe same upto normalization ,ideal projective duality in families .

But this is wrong !



Gerritsen
.

and Piweh define (4) IP? bundles
with n sections 5

,→ Bn which all

agree over ✗ 13in)G1Bn .

⇒ universal Mustafa join
☒=É c SI

,

✗
- .

✗ SI
,;)Bn Bn

But : Bu is not a smooth curve ,
so $41Bn is not automatically flat .

In fact it is not even equidimensional.

Canonical solution : flattening by blowup
(Grothendieck- Raynald-Greeson)

5=5
"

→ §
d L

topbid→ Dn

Igp 17h) is the closure of ✗ 13h) in
the

.
Hilbert scheme of 8 .

For technical reasons 6.g. to use Cartwright- Sturmfds
we use a multi -graded Hilbert scheme .



Th / Schaeffler -T ) •There exists Igp 13in)
with a universal family S and h

universal sections s , .
. .sn:1/-GpGih1-sS

• Amorphism X-Gpts.in)→lBnc¢pYhl¥ )
extending cross - ratios exists but has
fibers of positive dimension for he
Example (n=6 1×-1361 is a tropical
compactification given by trop ✗176 )
as described by Sturmfels -Speyer .
Fapla 6) is also tropical but it is
given by the following subdivision :

bipyramid i i ' ',

11 → ÷
.. .

"

÷
.

4 type ,
15singular :

'

ii :
"

'

'

: of maximal

points
"

'

¥
cones

of -7116)
"

intropxthb)
: : subdivided

. in ✗
Gp 13,61



Corresponding special fibers :

oooo µq••
tBgEgEfpTf@--@-

bi pyramid

where do the extra cross-ratios come from ? .

Analysis of
the Mustafa join
Each of the 1 § 1=15
fourtuples is in
general position
in one of the IPZ s .



The central hexagon is a secondary component,
it appears in the process of joining

six A- bundles

•
Pitt

••Pitt)

Petz, • plz)

degenerate
mug

Let's •

Pytt)
•connect points Pin

with lines
contract/onto hexagon
A c

' B
P5=Po• •Pit

2

Éeva parameter
Aµ=¥☐!B¥i¥n

.

B'

P3=py • C

X-Gpts.co) ( but not I G.6) ! ) is aware of
µ=l⇐> AA

'

, BD
'

.cc
' concurrent (Éeva)

µ=-1<=7 A:B! C ' collinear ( Menelaus)



Open Question : topicality : is Iop Can)
the closure of ✗ 11h) in some toric variety
of the intrinsic torus ? What is the

analogue of the matroid decomposition ?
How to describe top 13in)EI013,h)

combination-ally ?
Partial answer for the planar locus
want-

{
c-⇒"'" ''•1fygI.fm?aipmo?ukgtYof:fqitYei-iej-ehofDl3ih)

= U Uiih 13in) open charts

Uap 13in) = IT -
' ( Ulan)) = Ullijh(3in )GP

All Wiik 's are isomorphic, so focus onU"'

Th ( Scheffler -T ) the chart u'" ( resp.li:p )
is isomorphic to a (non- toric) open
subset of a toric variety 0*1 resp . Qop)
The map

'

☒Gp→ Otis toric and explicit .



In particular , the map UGpts.nl→UH,n )
will be easy to describe combinationally .
Def Qm= normalized Chow quotient ☒They

a*m= - - -
-

-
- -

-
-
- -

- LIP ')*my¢*p
Qm and af are tone varieties of the

quotient torus ④
•

)
"

/(E) 'given by
the quotient fans : a 1- Ps a c- 274222
can be encoded in a

"spider diagram "

modulo translations in 272

Anti )
Anti ) Hiii )

Chai)

172,711 172,7d)

Qm Qm*
Two one- parameter subgroups belong to the
interior of the same cone in the quotient fan
⇒ spider diagrams are combinatorial equivalent



equivalent
diagrams

not equivalent
diagrams

ig;.←§zE↳:s↳É•→•,Addµµµ_µµµdhiwB
readspsidpuisdek-dbiag.ro#-FAos-rna*i.

¥@_g€€z§⇒€@z@FB-_@②



cones in Q> (Mustafa

triangles of Cartwright - with added red spiders
tbibich- SturmFels-Werner)

This increases the number of combinatorial types :
equivalent before
adding red spiders
but not after

D_ef The fan Em is defined as follows ,
two one -parameter subgroups are in the interior
of the same cone ⇒ diagrams with added
red spiders are combinationally equivalent
Lemma_ The fan Em refines both Qm and Qmt
giving birational morphisms of toric varieties

✗ loin ) > UYpts.nl CIÉP Girl
L L

In 13 , n ) = ✗ 10nF ) > U'¥13m)→(3in)



Bi - pyramid reloaded

→

Two of the strata of Iep G.6)→ singular point
of Its, 6)

Outside of the planar locus
things get complicated . . .

Example A degeneration of six lines

gives a point
MH of I 13,6) MB

with a specialfiber

The dual degeneration of six points
zoo s

gives a
mom 08 point of

man-to-man
.
I:÷!with dual

Thank you for your attention !


